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Radial heat transfer in laminar pipe flow is characterized by a wide temperature
distribution over the pipe cross-section. We use a validated Computational Fluid Dy-
namics (CFD) model to show that the superimposition of a transverse vibration on the
steady laminar flow of a Newtonian fluid moving in a pipe with an isothermal wall,
generates considerable chaotic flow and radial mixing which result in a large
enhancement in wall heat transfer as well as a considerably more uniform radial tem-
perature field. Transverse vibration also causes the temperature profile to develop very
rapidly in the axial direction reducing the thermal entrance length by a large factor.
These effects are dependent on vibration amplitude and frequency, and fluid viscosity.
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Introduction

Radial heat transfer in laminar pipe flow is governed by
slow conduction which leads to a wide radial temperature
distribution that poses a considerable challenge in many
manufacturing processes. In continuous food sterilization, for
example, the nonuniform velocity profile which characterizes
viscous flow coupled with a nonuniform temperature distri-
bution means that the coldest parts of the fluid at the centre
of the pipe travel the fastest, thus resulting in a wide varia-
tion of product sterility and nutritional quality across the
pipe. The challenge is to be able to sterilize the fastest parts
in the core region of the pipe without over-processing the
slowest parts near the wall. Increasing the temperature of the
inner regions of the fluid is highly desirable so that ideally
all parts of the fluid receive equal thermal treatment. Fur-
thermore, better uniformity in the temperature profile helps

reduce local variations in the fluid rheological properties
which cause distortions in the velocity profile, thus making
the flow behaviour of the fluid more predictable.

To improve the uniformity of the temperature distribution,
methods of increasing radial mixing are required. This prob-
lem has been recognized for a long time but effective tech-
nological solutions are still missing.1 Radial mixing can be
achieved by turbulent flow conditions but the usually high
fluid viscosities encountered in practice render this proposi-
tion impractical and/or uneconomical. Alternatively, the use
of inline static mixers may be undesirable in hygienic proc-
esses because of the risk of contamination, for their complex
geometries promote fouling and make them difficult to clean.
A considerable number of studies have demonstrated the
effects of pulsating flow or mechanical oscillation on the
heat flux and Nusselt number in pipe flows.2–4 However, the
effects on the radial temperature distribution and the devel-
opment of the thermal boundary layer in a pipe do not seem
to have been reported. In this preliminary study, we use a
Computational Fluid Dynamics (CFD) model to demonstrate
the favourable effects that a forced transverse oscillatory
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wall motion can have on the radial temperature distribution,
heat transfer coefficient and thermal boundary layer develop-
ment in the laminar flow of Newtonian fluids in pipes.

CFD model and simulations

In this CFD model, an external sinusoidal vibrational
movement is superimposed at the pipe wall in the transversal
x-direction normal to the flow such that

x ¼ A sinðxtÞ (1)

where A is the amplitude of vibration, t is time and x ¼ 2pf,
where f is the frequency of vibration. The linear velocity, ẋ, of
the wall due to the oscillations is therefore

_x ¼ dx

dt
¼ Ax cosðxtÞ (2)

The equations that form the basis of the CFD model are the
three transport equations representing continuity, momentum,
and energy for fluid flow in a pipe written in their general form
as follows5

Continuity r � U ¼ 0 (3)

Momentum q
DU

Dt
¼ �rpþ lr2Uþ qg (4)

Energy qCp
DT

Dt
¼ kr2T þ 1

2
lð _c : _cÞ (5)

where U is the velocity vector, q is density, p is pressure, l is

Newtonian viscosity, g is the gravitational acceleration, Cp is

specific heat capacity, T is temperature, k is thermal

conductivity, and _c is shear rate. In addition, the temperature

dependence of the fluid physical properties needs to be taken

into account. Here, account was taken of the temperature

dependence of the viscosity only, using the well-known

Arrhenius model for a Newtonian fluid6

l ¼ k0 exp
Ea

RGT

8>: 9>;
� �

(6)

where Ea (35,000 J mol�1) is the activation energy for the

viscosity of the test fluid, RG (8.314 J mol�1 K�1) is the gas

constant, and k0 is a pre-exponential factor. All other physical
properties were assumed constant (q ¼ 1000 kg m�3; Cp ¼
4180 J kg�1 K�1; k ¼ 0.668 W m�1 K�1). The CFD model

assumes that flow is Newtonian, laminar, and incompressible.

The fluid is heated through the pipe wall which is held at a

constant and uniform temperature. A pipe of 20 mm diameter

and 400 mm length was used, which was sufficient to allow

the velocity profile to fully develop and allow the fluid to

receive a relatively adequate amount of heat so as to be able to

clearly demonstrate the effect of vibration on the temperature

profile. Using much longer pipes on the metre scale, as used in

industrial installations, would excessively prolong simulation

runtime; for example a 3 m pipe would typically increase the

runtime from a few days to a month.
Given the short pipe length used, the problem was

solved in three successive steps: (i) steady–state flow with a

fixed uniform velocity u ¼ 9.0 cm s�1 and a uniform tem-
perature Tin ¼ 60�C, specified at the pipe inlet; (ii) steady–
state flow using as inlet boundary conditions the velocity
and temperature profiles obtained at the pipe outlet from the
solution of step (i); and (iii) unsteady-state flow with vibra-
tional motion superimposed, using the complete solution
along the pipe including the inlet and outlet boundary condi-
tions from step (ii) to initiate the simulation.

The steady–state velocity profile obtained at the outlet in

step (i) and used as an inlet boundary condition in steps (ii)

and (iii) was fully developed. This was confirmed by the

fact that the pipe length was always much larger than the

hydrodynamic entrance length, Le, given by

Le
D

¼ 0:05Re (7)

where D is the pipe diameter and Re ¼ quD
l

is the pipe
Reynolds number.7

In each of these steps, a zero gauge pressure was applied

at the pipe outlet. A no-slip condition and a uniform temper-

ature of Tw ¼ 180�C were assigned at the pipe wall in

steady–state simulations; in simulations of vibrational flow, a

forced oscillation was further superimposed in the transverse

x-direction as described by Eq. 2.
Three-dimensional simulations were set up and executed

using the commercial software package ANSYS Workbench

10.0. The geometry was meshed with tetrahedral cells. The

mesh size was optimized through a mesh-independence study

giving �40 tetrahedral and prism cells across the pipe diameter

and �3000 tetrahedral cells per centimetre of pipe length.

Seven inflation layers covering around 20% of the tube radius

were also created near the wall to enhance mesh resolution in

this region of high gradients. For a transversally moving bound-

ary, the mesh deformation option in CFX was used allowing the

specification of the motion of nodes on boundary regions of the

mesh. The motion of all remaining nodes was determined by

the so-called displacement diffusion model that is designed to

preserve the relative mesh distribution of the initial mesh. The

mesh displacement was specified using Eq. 1. Note, however,

that in practice this feature is only required if the vibration am-

plitude is considerably larger than the mesh cell size.
The CFX code uses a finite-volume-based method to dis-

cretise the governing transport Eqs. 3, 4, and 5. The so-
called ‘‘High Resolution Advection Scheme’’ that is intended
to satisfy the requirements of both accuracy and bounded-
ness was employed.8 The accuracy of this scheme varies
from first to second order depending on the value of the
local Peclet number, so that it is as close to second order as
possible without resulting in nonphysical variable values.
Simulations with vibration were run in the transient mode.
Each simulation was solved over the entire mean residence
time of the fluid determined by the pipe length and mean
flow velocity, which in this case was 4.44 s. The size of the
time step was obtained by dividing the oscillation period
into an optimum number of 12 equal time steps. Conver-
gence was assumed when the root mean square (RMS) of
mass, momentum, and energy residuals reached at least 10�3

at each time step. Most of the equations, however, generally
reached RMS residual values well below the specified target.
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In steady–state, on the other hand, the RMS reached 10�5

for all of the equations solved.

CFD validation

Though CFX, the solver component of the package
ANSYS Workbench, is a generally well validated code, the
CFD model was validated here as much as possible by com-
paring with either theoretical solutions or experimental data
from the literature where possible, so as to maximize confi-
dence in the numerical results. The steady–state flow model
with heat transfer was first validated for the case of a tem-
perature-independent viscosity. This is a textbook problem
that is described by the following equation6

2�u 1� r

R

8: 9;2
� �

@h
@z

¼ k
qCp

@2h
@r2

þ 1

r

@h
@r

8>>:
9>>; (8)

subject to the boundary conditions

r ¼ R; h ¼ 0 for z > 0 (9)

r ¼ 0;
@h
@r

¼ 0 for z�0 (10)

z ¼ 0; h ¼ 1 for r�R (11)

where the dimensionless temperature h is defined as h ¼ (T �
Tw)/(Tin � Tw), R is the radius of the pipe, r is the radial
position, and z is the axial flow direction whose origin is taken
at the pipe inlet. This equation assumes that the velocity
profile is fully developed but it holds in the thermal entrance
region where the temperature profile is not fully developed.6

The numerical solution of Eq. 8 was tabulated by Lyche and
Bird.9 Comparison of this solution with the CFD-predicted

temperature profile for this case in Figure 1 shows an excellent
agreement well within �1%. The mean heat transfer
coefficient, h, computed from CFD results also agreed with
the value predicted from the above theory6 within � 1%.

As the variation of viscosity with temperature affects the
flow field considerably, the velocity profile computed by
CFD under the conditions of a temperature-dependent vis-
cosity was also validated. The CFD predictions of the fully
developed steady–state velocity profile are compared in Fig-
ure 1 with experimental measurements from Kwant et al.10

for the same conditions of flow, showing a very close agree-
ment between CFD and experiment with a mean difference
within �1%. It should also be noted that, in this case and in
all subsequent simulations, the energy balance was always
verified to a very high degree of accuracy.

CFD modeling of isothermal Newtonian and non-Newto-
nian flows under forced vibration, using the ANSYS-CFX
code, has been validated in our recent studies.11,12 Compari-
son with experimental measurements showed that the code is
able to predict such complex flows with a very good accu-
racy. However, experimental data on vibrated nonisothermal
flows are unavailable. Nonetheless, given the excellent agree-
ment between CFD, theory and experimental results achieved
in all the above validation tests, we believe that the present
CFD model is sufficiently robust and reliable for the purpose
of studying the effects of vibration on the heat transfer char-
acteristics of the Newtonian flows considered here.

Results and Discussion

CFD results showed that transverse oscillations can have a
substantial effect on the radial temperature distribution of
the fluid accompanied by a large impact on the rate of heat
transfer. The extent of these effects is governed by vibration
amplitude and frequency, and fluid viscosity.

Effect of vibration amplitude and frequency

Simulations were conducted for vibration amplitudes of 1
and 2 mm and frequencies of 25 and 50 Hz, while keeping

Figure 1. Validation of CFD predictions of temperature
and velocity profiles in steady–state flow.

l Temperature profile for an isoviscous fluid in steady–state
flow: l ¼ 1.0 Pa s; Tin ¼ 27�C; Tw ¼ 127�C; u ¼ 0.01 m
s�1; * Velocity profile for a fluid with temperature-depend-
ent viscosity in steady–state flow: Tin ¼ 37�C; Tw ¼ 127�C;
u ¼ 0.09 m s�1; L ¼ 1900 mm; l ¼ l

0
exp[�Q(T � T

0
)/

(Tw � Tin)] where Q ¼ 1.49, and l
0 ¼ 1.3 Pa s at T

0 ¼
25�C (Kwant et al.10).

Figure 2. Effect of vibration amplitude and frequency on
the mean temperature profile at the pipe exit.

k0 ¼ 5 � 10�7 Pa s; Tw ¼ 180�C; Tin ¼ 85�C; u ¼ 0.09 m
s�1; L ¼ 400 mm.
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all other parameters constant. The azimuthally averaged ra-
dial temperature profiles obtained at the pipe exit are com-
pared in Figure 2 where the large effect of vibration is
clearly demonstrated. In steady laminar flow, heat is trans-
ferred by conduction in the radial direction and, as a result,
in this relatively short pipe only the fluid flowing near the
wall is significantly heated, while the temperature of most of
the fluid remains virtually at its inlet value. Transversal
vibration, however, induces a considerable degree of radial
mixing in the fluid. In steady–state flow the streamlines, and
coinciding trajectories, are straight lines along the pipe.
Vibration, however, creates a swirling or spiralling motion in
the fluid, as clearly represented by the complex streamlines
and fluid trajectories projected on the pipe exit plane in Fig-
ure 3. These vortical structures cause considerable chaos and
radial mixing, thus, leading to a more uniform temperature
distribution and a large increase in the exit temperature. This
chaotic laminar flow is characterized by low values of the
pipe Reynolds number and the vibrational Reynolds num-
ber,4 Rev ¼ qAxD=l, as shown in Table 1.

Vibration also enhances the heat transfer coefficient con-
siderably above its steady–state value h, as demonstrated by
the values presented in Table 1. The results show that

increasing either A or f leads to a better temperature uni-
formity and a much higher heat transfer coefficient hv. How-
ever, these effects seem to be more sensitive to A than f, as
doubling the amplitude from 1 to 2 mm at f ¼ 50 Hz leads
to a significantly more uniform temperature profile and a
greater heat transfer coefficient than doubling the frequency
from 25 to 50 Hz at A ¼ 2 mm.

Thermal entrance length

The effects of vibration on the development of the thermal
boundary layer as represented by the thermal entrance length
and temperature profile along the pipe are depicted in Figure
4. In steady laminar flow, the thermal entrance length, Lth,
can be estimated from7

Lth
D

	 0:05Re:Pr (12)

where Pr ¼ Cpl=k is the Prandtl number.
The steady–state temperature profile develops extremely

slowly, showing hardly any change over the pipe length. In
fact, under these conditions the estimated thermal entrance
length would be Lth �11 m. The temperature map in Figure

Figure 3. A sample of: (a) streamlines projected on the pipe exit plane; and (b) fluid trajectories projected on the
pipe exit plane.

Note that streamlines and trajectories are not identical in unsteady flow.

Table 1. Comparison of Heat Transfer Coefficient for Steady and Vibrational Flows: k0 5 5 3 10
27

Pa s; Tw 5 180�C; Tin 5
85�C; u 5 0.09 m s21; L 5 400 mm

Vibration
Frequency
f (Hz)

Vibration
Amplitude
A (mm)

Reynolds
Number*

Re ¼ quD=l

Vibration
Reynolds
Number*

Rev ¼ qAxD=l

Prandtl
Number*

Pr ¼ Cpl=k

Steady–State
Heat Transfer
Coefficient

h (W m�2 K�1)

Vibrational Heat
Transfer Coefficient
hv (W m�2 K�1)

Enhancement
Ratio

E ¼ hv/h

25 2 18 63 625 426 828 1.9
50 2 18 126 625 426 1502 3.5
50 1 18 63 625 426 671 1.6

*Calculated at the inlet temperature Tin.

54 DOI 10.1002/aic Published on behalf of the AIChE January 2011 Vol. 57, No. 1 AIChE Journal



4 shows, however, that with vibration a very rapid develop-
ment of the temperature profile takes place, which means
that the full effects of the oscillations are felt in the early
stages of the flow. The temperature profile is said to be ther-
mally fully developed when the dimensionless temperature
profile denoted by

W ¼ Tw � Tðr; zÞ
Tw � TmðzÞ (13)

remains unchanged in the axial direction, i.e., W = f(z), where
T (r, z) is the temperature at a position (r, z) and Tm is the area-
averaged fluid temperature.7 In other words, at any fixed r
position along the pipe we must have

@

@z

Tw � Tðr; zÞ
Tw � TmðzÞ

8>>:
9>>; ¼ 0 (14)

The plot in Figure 4 shows the variation of W along the pipe
centreline which indicates that a fully developed thermal
profile is achieved in the vibrated flow over a relatively very
short length. Thus, it appears that the thermal entrance length
can be reduced by at least an order of magnitude compared
with its value in steady–state flow.

In practice, the application of a forced vibration to long
pipes would mean that a substantial enhancement in heat
transfer characteristics can be achieved by using frequencies
and amplitudes significantly lower than those employed in

this study. The implications of these results are of practical
significance for processes where a uniform temperature pro-
file is needed, such as in food sterilization. The temperature
of the fluid layers adjacent to the wall can be reduced, thus
avoiding overheating, while the temperature at the pipe
centre can be increased rapidly to achieve sterility. These
two effects should in principle reduce the loss in product
quality that usually arises from over-processing.

Effect of fluid viscosity

Initial results show that the fluid viscosity is one of the
key parameters governing the observed effects. The effects
of vibration on the uniformity of the temperature profile and
on the heat transfer coefficient are more significant for less
viscous fluids, as demonstrated in Figure 5. As would be
expected, a lower viscosity promotes fluid mixing, and there-
fore facilitates a more uniform temperature distribution and
better radial heat transfer. However, preliminary results sug-
gest that even more viscous fluids than those considered here
can be positively affected by using a judicious choice of
vibration amplitude and frequency.

Conclusions

Forced transverse vibration has positive benefits for heat
transfer in laminar flow under conditions of an isothermal
pipe wall: a much more uniform radial temperature profile, a

Figure 4. Effect of vibration on thermal entrance length Lth.

(a) Temperature map along the pipe for steady–state and vibrational flow; and (b) variation of dimensionless temperature profile along
pipe centreline: k0 ¼ 5 � 10�7 Pa s; Tw ¼ 180�C; Tin ¼ 85�C; u ¼ 0.09 m s�1; A ¼ 2 mm; f ¼ 50 Hz. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com.]
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rapid development in the temperature profile along the pipe,
and a substantial increase in radial heat transfer. These
effects are governed by the amplitude and frequency of
vibration so that higher amplitudes and frequencies lead to
better improvements in heat transfer characteristics. More
viscous fluids require a more energetic vibration but the
effects appear to be more sensitive to the amplitude than the
frequency of oscillation. More detailed work is needed to
systematically investigate the role of these variables and of
other key rheological parameters when more complex
fluids of non-Newtonian rheology are considered. It is also
plausible that in practice the vigorous spiralling fluid motion

generated by a forced vibration would have further benefits
in reducing fouling in the pipe because of the energetic
cleaning action that the fluid motion would create at the
wall. Moreover, in a solid-liquid flow vibration may also
help keep particles in suspension, thus, enhancing homoge-
neity in heat transfer to both the continuous and dispersed
phase.
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Figure 5. Effect of viscosity on the mean temperature
profile at the pipe exit.

n l at inlet ¼ 1.0 Pa s; & l at inlet ¼ 0.1 Pa s. Tw ¼
180�C; Tin ¼ 85�C; u ¼ 0.09 m s�1; A ¼ 2 mm; f ¼
50 Hz; L ¼ 400 mm. E, heat transfer enhancement
ratio, is defined in Table 1.
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